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A micro/macromechanical approach was used to model and simulate crack initiation 
and crack propagation in particulate composite structures. The approach used both 
the micromechanical and macromechanical analyses in tandem. The micromechanical 
analysis was based on a simplified micromechanical model and damage mechanics 
at the micro-level, and the macromechanical analysis utilized the finite element 
method. In using these method$, crack initiation and growth in a general shape of 
composite structure were investigated with an efficient computational effort. It was 
assumed that a crack initiates and/ or propagates when localized damage is saturated. 
. As a result, the crack length was assumed to be the size of the saturated damage 
zone. Matrix crack initiation and propagation at circular notch tips were simulated 
using this approach. Modeling and simulation were also conducted for cases of 
nonuniform particle distribution in particulate composite structures. Predicted results 
showed a good agreement with the experimental data. 
Introduction 
A particulate composite consists of a physical mixture of 
particles and a matrix material. These types of composite mate-
rials are widely used in engineering applications because of their 
low production costs and their significantly improved stiffness. 
However, the strength improvement of the particle-reinforced 
composites are relatively low (Johnson, 1987). As a result, 
it is important to understand as well as to predict the failure 
mechanisms and failure modes in particulate composite 
systems. 
Possible damage modes of a particulate composite are parti-
cle/matrix debonding called dewetting, matrix damage ( or cav-
ity formation), and particle cracking. If particles are much 
stronger than the matrix material, failure occurs due to dewet-
ting and/ or cavity formation in the matrix material. These dam-
ages cause volume dilatation as studied by many researchers 
(Farris, 1968; Knauss et al., 1973; Anderson and Farris, 1988; 
Schapery, 1987, 1991; Ravichandran and Liu, 1995). These 
studies investigated the nonlinear constitutive response of a 
damaged particulate composite in terms of the change in volume 
dilatation. 
Micromechanical models were considered to describe the 
nonlinear stress-straiµ behavior with damage evolution in parti-
cle-reinforced composites. Most studies included the interface 
debonding and/ or void formation in the matrix material. In 
other words, the degraded effective elastic modulus of a dam-
aged particulate composite was computed from the proposed 
micromechanical models (Weng, 1984; Schapery, 1986, 1991; 
Anderson and Farris, 1988; Tong and Ravichandran, 1994; Rav-
ichandran and Liu, 1995). Initially, the uniaxial nonlinear 
stress-strain response was studied, and later it was extended to 
the multiaxial stress-strain response. 
The objective of the present study is to develop a modeling 
and simulation technique to investigate damage and crack initia-
tion and its growth until ultimate failure for particulate compos-
ite structures subject to mechanical loading. To this end, a mi-
cro/macromechanical approach was adopted. This approach uti-
lizes both micromechanical and macromechanical analyses in 
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tandem. A unit-cell model is used for the micromechanical anal-
ysis and the finite element analysis is utilized for the macrome-
chanical analysis. In order to incorporate damage, the damage 
mechanics is applied to the unit-cell model. The detailed de-
scription of the micro/macromechanical approach is provided 
in the next section, which is followed by results and discussion, 
and conclusions. 
Micro/Macromechanical Approach 
The deve1oped micro/macromechanical approach utilizes 
both micro-level and macro-level analyses in tandem. The mi-
cro-level analysis includes computation of stresses and strains 
in the constituent materials such as the particles and the binding 
matrix. On the other hand, 'the macro-level analysis performs 
the structural analysis of a composite. Therefore, analyses were 
performed at two different scales, but maintained interaction 
with each other. The interaction between the micromechanical 
and macromechanical analyses is illustrated in Fig. 1. 
The macromechanical analysis utilizes the finite element 
method for structural an~ysis of a composite so that a general 
composite structure can be analyzed under a general loading. 
The micromechanical analysis adqpts a simplified unit-cell 
model (Aboudi, 1987, 1989; Kwon, 1993; Kwon and Bemer, 
1994, 1995) and damage mechanics (Kachanov, 1972, 1980; 
Krajcinovic, 1983; Talreja, 1985). The simplified unit-cell 
model calculates stresses and strains in the constituent materials. 
Damage mechanics is applied to the micromechanical model 
based on the micro-level stresses and strains. Damage modes 
and mechanisms are described in terms of constituent materials. 
As a result, damage modes can be classified as matrix cracking, 
particle cracking, or particle/matrix interface debonding. 
The interaction between the micromechanical and macrome-
chanical analyses is explained in the forthcoming. The micro-
mechanical analysis computes smeared composite material 
properties based on the constituent material properties and their 
damage states. This computation is conducted at every integra-
tion points of the macro-level finite element model. Thus, the 
macro-level finite element analysis can be undertaken as usual 
using the smeared composite material properties at the integra-
tion points. After the macromechanical analysis is performed, 
the smeared stresses and strains at the composite level are ap-
plied to the micromechanical model so that micro-level stresses 
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Fig. 1 Micro/macromech~nical approach 
and strains can be computed. This coinputation is also per-
formed at the integration points. Therefore, the interaction be-
a-11 = CTit, O"i1 = O"it, O"i1 == a-11, CT j1 = a-?1 (4) 
1 . 3 
0"22 = 0"22, 0"~2 = O"i2, a-~2 = d2, a-~2 = d2 (5) 
0"~3 = 0"~3, 0"~3 = 0"~3, 0"~3 = 0"~3, 0"~3 = 0"~3 (6) 
Only normal stress components are shown in these equations. 
Similar equations can be written for shearing stress components. 
However, it is assumed that each subcell material is orthotropic 
or isotropic so that normal stress/strain components are not 
coupled with shear components. Thus, the present development 
is only 'for the normal components of stresses/strains and a 
similar development can be made for shearing stresses/strains. 
Strain compatibility is assumed to be 
lpE ~I + lmci! = lpcil + lm~il = lp€11 + lm€11 
= lpE ii + lmdt 
lpd2 + lmd2 = lpd2 + lmEi2 = lpd2 + lmd.2 
= l;,c~2 + lmd2 
lp d3 + lmd3 = lp d3 + lmE ~3 = lp d3 + lmd3 




tween the micro-level analysis and the macro-level analysis in which 
occurs at the numerical integration points of the finite element 
lp = V ;13 
lm = 1 - lp 
model. 
Using the micromechanical model, nonuniform particle dis-
tribution in a particulate composite can be easily modeled. The 
basis of micromechanical model and damage mechanics is pre-
sented in the forthcoming. 
(a) Micromechanical Model. The micromechanical 
model is based on a unit-cell structure. The unit-cell consists 
of a particle and the surrounding matrix material, as shown in 
Fig. 2 (a). A clear. view of subcell locations is illustrated in 
Fig. 2 ( b). For a parti~ulate composite, let subcell 1 denote the 
parti~le subcell and the rest of them be the binder matrix sub-
cells. Planes 1-2, 2-3, and 3-1 are symmetric planes. 
The micromechanical model has two objectives: one is to 
compute smeared composite material properties from particle 
. and matrix material properties, respectively, under an intact or 
a damaged state; the other is to describe damage modes and 
• states at the constituent material level. The development of the 
micromechanical model for a particulate composite is described 
in the forthcoming. 
It is assumed that stresses/strains are uniform within each 
subcell for simplicity of the mathematical <;Ievelopment. Each 
subcell has a constitutive equation expressed as 
(1) 
where the subscripts i, j, k, l = 1, 2, 3 denote the coordinate 
axes s};iown in Fig. 2, and a ( = 1 through 8) indicates a subcell. 
crt and €kt are the average stresses and strains of the subcell a. 
The unit cell stresses and strains are obtained from the volume 
average of the subcell stresses and strains. That is 
8 
aij = Ii vaa-ij 
a=I 
8 




Here, Va is the volume fraction of the ath subcell, and o' if and 
Eif are the average unit-cell stresses and strains, respectively. 
These ·are the effective stresses and strains of a composite. 
One of the objectives of the micromechanical model is to 
find the relation between the unit-cell stresses and strains (i.e., 
the constitutive relation at the composite level) using the mate-
rial informations at the subcell level. To this end, stress and 
strain compatibility equations are applied. First of all, the stress 
equilibrium at each subcell interface is 
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and VP is the particle volume fraction of a composite. 
(10) 
(11) 
Substitution of Eq. ( 1) into Eqs. ( 4) through ( 6) yields the 
stress compatibility equations in terms of subcell strains. For 
example, one of Eq. ( 4) becomes 
(12) 
Similar expressions hold for the rest of equations in Eqs. ( 4) 
through (6). These equations along with Eqs. (3), (7), (8), 
and ( 9) can relate the subcell strains to unit-cell strains. That 
is 
[A]{€} = {"E} (13) 
in which { E} is the vector consisting of subcell strains Et, while 
{°E} is the vector consisting of the unit-cell strains Eif and zero. 
In addition, [A] is the matrix containing material properties and 
geometric properties of the subcells like Etkt, ya, lp, and lm. 
Matrix [A] is invertible so that solving Eq. (13) results in 
the expression for the unit-cell strains in terms of subcell strains. 
That is 
(14) 
Equation ( 14) gives the explicit relationship between the subcell 
and unit-cell strains (i.e., strains at the constituent level like the 
particle and the matrix, and strains at the composite level) . 
Finally, in order to determine the constitutive relation be-
tween the unit-cell stresses and strains, Eq. ( 1) is substituted 
into Eq. (2). This operation yields the expression for the unit-
cell stresses in terms of subcell strains. The subcell strains are 
replaced by unit-cell strains using Eq. (14 ), Then, the unit-cell 
(a.) (b) 
Fig. 2 Micromechanical unit-cell model 




stresses are directly related to the unit-c~ll strains. The relating 
constitutive exp~ession is given in terms of the material and 
geometric properties of the subcells. In other words, the com-
posite level constititive equatio:i;i is expressed in terms of the 
particle and matrix properties like 
(15) 
where Eukt is the constitutive relation of the composite. 
( b) Damage Mechanics. Damage mechanics is applied 
to the constituent materials like the particles aI].d matnces in 
order to predict the damage initiation and evqlution until failure. 
Therefore, damage modes can be described in a fundamental 
way such as matrjx cracking, particle cracking, and particle/ 
matrix interface debonding. 
Let us consider one constituent material, th.e matrix for exam-
ple, for the development of the damage theory. From now on, 
vector and matrix notations will 1;,e adopted instead of tensor 
notations for simplicity. Thus, stresses and strains are expressed 
in vector format. The strain increment in the material may be 
written as 
(16) 
where { d €} is the total strain increment, and subscripts v and 
d denote the virgin and damaged states, respectively. In other 
words, the total strain increment consists of the strain increment 
without damage and the strain increment due to damage. 
The constitutive equation for the virgin material is 
{da} = [E]u{dE}v (17) 
while the incremental strain due to the damage is assumed to 
be expressed as 
(18) 
in which Fd is the damage potential function. The damage poten-
tial function varies depending on the amount of damage state. 
Thus, it can be assumed that 
(19) 
If the damage potential function is also used for the damage 
criterion, the damage state must satisfy Fd = 0. As a result, Eq. 
( 19) can be written as 
dFd = ~ {da} + ~ {d€}d = 0 { 
{)F }T { {)F }T . 
u{a} u{€}d 
(20) 
Using Eqs. (16), (17), and (20) yields 
d'l\ = {Q}T[Elu{d€} 
{ R} T { Q} + { Q} T[EU Q} 
(21) 
where 




{R} = {~} 
o{E}d 
(23) 
Substitution of Eq. ( 21 ) into Eq. ( 18) , and combining the resul-
tant equation with Eqs. (16) and (17), gives 
(24) 
in which the constitutive matrix for the damaged material is 
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[E] - [E] ([/] - {Q} {Q}T[E]v ) (25) 
d - V { R} T { Q} + { Q} T[E]u{ Q} 
The damage potential function is dependent on the constituent 
material and can be rewritten as 
in which f and g are assumed to be 





Here, ad is the damage initiation strength of the material, ( Ed )e 
is the effective damage strain, and a 1 and a2 are the material 
constants. The material properties are determined from the uni-
axial stress-strain curve. Function g is dependent on the damage 
state. 
In th~ present study, the damage mechanics is applied only 
to the matrix material, but not to the particle material because 
the particles are much stiffer and stronger than the matrix in 
the present composite. In the micro/macromechanical approach, 
the micromechanical model represents average stresses/strains 
around each numerical integration _point of an isoparametric 
finite element. As a result, the representing area by the micromo-
del depends on the size of finite elements and the number of 
integration points for each element. When smaller elements and 
more integration points are used in the finite element analysis, 
the area represented by the micromechanical model will be 
smaller and more accurate. However, a compromise must be 
made between the accuracy and the computational cost. Then, 
damage mechanics is applied to the matrix subcells of the micro-
model at each numerical integration point when the subcell 
stresses exceed the threshold damage strength. 
Results and Discussion 
The study considered particulate composite specimens con-
sisting of hard particles bound by a soft IP-atrix material. Thus, 
matrix crack initiation and crack propagation were predicted 
using the developed micro/macromechahical approach. The 
analysis simulated matrix damage initiation and damage propa-
gation in particulate composites using the micromechanical 
model and damage mechanics as described in the previous sec-
tion. When the damage was saturated in a local zone, the loca-
tion could not sustain any additional loading. Thus, it was as-
sumed that a crack occurred within the saturated dalJlage zone. 
That is, the crack length was equal to the size of the saturated 
damage zone. 
Hercules particulate composites were used in this study. The 
typical stress-strain curve of the particulate composite is pro-
vided in Fig. 3. This curve is the macro-le\'.-el smeared material 
property. The micromechanical model requires the material 
properties of the constituent materials and their volume frac-
tions. However, this information was riot known. Therefore, it 
was necessary to back-calculate the micro-levei material proper-
ties from the macro-level material properties using the proposed 
micromechanical model and the damage mechanics. The com-
puted micro-:tevel m&terial proP,erties were as follows. The parti-
cle elastic modulus was 10 X 106 psi, the matrix modulus was 
335 psi, and the particle volume fraction was 0.65. In addition, 
the damage initiation strength of the matrix material in Eq. (28) 
was 70 psi, and the damage material constants were a 1 = 92 
psi and a2 = 12. The reproduced stress-st}-"ai1,1 curve using the 
micromechanical and damage model and these material con-
stants is also shown in Fig. 3. The experimental curve agreed 
well with the predicted curve. By this, the micro-level material 
values were assumed to be correct. 
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Fig. 3 Stress-strain curve 
The same material was tested with a hole at the center. Tensile 
loads were applied to the specimens with constant cross-head 
speed of 5.08 mm/min (0.2 in./min). Cracks initiated from 
stress concentration at the edges of the holes. Figures 4-5 show 
the cracks in the specimens at strain of 0.2 m/m. One specimen 
had 6.35-mm- (0.25-in-) dia hole, while the other specimen 
had 12.7-mm- (0.5-in-) dia .hole. Both specimens resulted in 
quite asymmetric cracks at both sides of the holes. 
These test results can be explained from nonhomogeneity of 
particle distribution in the matrix material. As observed from 
the tensile test of a dogbone-shape specimen without a hole, 
the local strain was very different from location to location 
within the specimen under the constant load. This nonuniform 
strain was believed to have resulted from the nonuniform parti-
cle distribution. The experimental stress-strain curve in Fig. 3 
used the average strain between the gage length of 68.58 mm 
(2.7 in.). 
When a hole is drilled into the specimen, the hole may lie 
in a particle-dense zone or a particle-sparse zone of the speci-
men, even though the overall stress-strain curve remains con-
stant. Because the ~pecimen was under strain control, the local 
strain and stress were different around the hole depending on 
its location. As a result, the crack size varied depending on the 
location of the hole in the specimen. Asymmetric cracks at both 
Predicted Cric~ Siz~-= -125 in_ 
• 08 in. -.15 in . 
Fig. 4 Composite specimen with a 0.5-in. hole 
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J:>:redicted Ci:ack Size = . 063 in. 
· .036 in. ~063 in. 
Fig. 5 Composite specimen with a 0.25-in. hole 
sides of the hole might be caused by various factors including, 
but not limited to, asymmetric hole shape and location, asym-
metric particle distribution, and/ or misaligned loading. 
Computer simulation was conducted to predict the cracks 
observed in the experiment. A finite element mesh for the speci-
men with a 6.35-mm (0.25-in.) hole is shown in Fig. 6. Because 
of symmetry, a quarter of the specimen was modeled. First of 
all, it was assumed that the specimen had a uniform material 
property, i.e., uniform particle distribution. The specimen with a 
12.7-mm- (0.5-in-) dia hole was considered first. The predicted 
crack size is also shown in Fig. 4 along with the actual cracks 
in the experiment. The predicted crack length was 3.175 mm 
(0.125 in.), while the physical cracks were 2.03 mm (0.08 in.) 
and 3.81 mm (0.15 in.) at both sides of the specimen. Therefore, 
the predicted crack size agreed well with the experimental crack. 
When the other specimen with a 6.35-mm- ( 0.25-in-) dia 
hole was modeled with a uniform particle distribution, the pre-
dicted crack length was much larger than the experimental crack 
length. The next simulation assumed that the lower half of the 
specimen in Fig. 6 had a different particle volume fraction 
(PVF) from the upper half of the specimen. However, the aver-
age stress-strain curve also matched with the experimental 
curve, as given in Fig. 3. Two cases were studied. The first 
Fig, 6 Finite element mesh with a 0.25-in. hole 
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Fig. 7 Normalized crack size versus,applied uniform strain for different 
particle volume fractions . 
case ~onsidered the lower half of the specimen at a PVF of 55 
percent, while the upper half at 75 percent. Thus, the zone 
including the hole had a PVF of 55 percent. The other case had 
opposite volume fractions so that the hole was placed at the 
particle-dense zone. The first case with a hole at the particle-
sparse zone predicted a crack size of 1.60 mm (0.063 in.), 
which was close to the experimental cracks of 1.60 mm (0.063 
in.) at one side of the hole and 0.91 mm (0.036 in.) at the other 
side of the hole. On the other hand, the second case resulted in 
a crack length of 11.68 mm ( 0.460 in.). Therefore, the small 
crack at the second specimen was possibly caused by the loca-
tion of the hole at the particle-sparse zone. 
Parametric studies were undertaken next to investigate the 
crack initiation and propagation under two different loading 
conditions: uniform strain (displacement) and uniform traction 
loading conditions. Different PVFs were considered in both 
studies. The particle distribution was assumed to be uniform 
across the specimen with a 6.35-mm (0.25-in.) center hole. · 
Crack size versus applied strain is shown in Fig. 7 for different 
PVFs, while crack size versus applied traction is shown in Fig. 
8. Both results showed a stable crack growth from the notch 
tip. 
The displacement-controlled loading resulted in several tem-
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Fig. 8 Normalized crack size versus applied uniform stress for different 
particle volume fractions 
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Fig. 9 Normalized strain versus displacement plots under various 
strain-controlled loads 
crack did not propagate at certain lengths until there was a jump 
in the applied strain. This indicates the crack blunting process. 
The stairs-shape graphs in Fig. 7 illustrate the temporary crack 
arrest process, which was also observed in the experimental 
study. The crack arrest was more significant for a lo~er PVF. 
As expected, a higher PVF yielded a larger crack size under 
the same applied strain. 
For the load-controlled specimen, the results indicated that 
the crack size increased continuously at almost the same rate 
· as the applied load regardless of PVF. Under the loa~ control, 
the stress state was so similar that there was not much d~fference 
in the crack size among various PVFs. A higher· PVF yielded 
a lower stress in the matrix because the particles supported a 
larger portion of the load. Hence, a-higher PVF yielded a smaller 
crack size under the same load. However, the difference was 
much less than that under the displacement control. 
Figure 9 shows the normalized strain distributions at the mini-
mum cross section of the specimen. The specimen had a hole 
diameter of 12.7 mm (0.5 in.) with PVF = 0.65. In the figure, 
the strain was normalized with respect to the applied uniform 
strain at the ends of the specimen, while the distance was nor-
malized in terms of the hole radius. The graph with the applied 
strain at 0.0182 shows the strain distribution before damage 
occurs in the matrix material. However, as the damage pro-
gressed and a crack initiated with an increased strain l~ading, 
the normalized strain further increased near the notch tip; the 
damaged or cracked m~trix material could not support the load 
any more. 
Conclusions 
A micro/macromechanical approach was developed to model 
and simulate crack initiation and propagation in particulate com-
posites. The approach was based on a simplified micromechani-
cal model, damage mechanics at the micro-level, and the finite 
element analysis at the macro-level. Both micromechanical and 
macromechanical analyses were conducted in tandem. The mi-
cro/macromechanical approach could be app~ied to a general 
particulate composite structure, and it was also computationally 
efficient. 
The proposed approach co_uld predict matrix cracks in partic-
ulate composite specimens accurately. Furthermore, the micro/ 
macromechanical approach could easily model nonuniform par-
ticle distributions in particulate composites because most partic-
ulate composites showed nonuniform particle distributions. The 
prediction with nonuniform particle distributions showed good 
comparison with experimental results. 







Further analysis indicated that the displacement control of 
tensile specimens resulted in a smaller crack size for a smaller 
PVF subjected to the same global strain. On the other hand, the 
load-controlled specimens yielded the opposite results. How-
ever, the displacement-controlled specimens produced a much 
larger difference among different PVFs than the load-controlled 
specimens. 
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